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Abstract Results
The Ising model was first raised by Wilhelm Lenz (1920) who N o )| T
gave it as a problem to his student Ernst Ising. Ising (1925) PRt Semaanaa e S
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solved the 1-D Ising model and turned out no phase transition ® - - L
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happens. The analytic solution of 2-D Ising model 1s more ) ® L T | | |
complicated and is obtained by Lars Onsager (1944). For 3-D ] | / / | / ‘/ Lo { OO - =
model there 1s no analytic solution. Monte Carlo method 1s g " i ' I v .
introduced to obtain a statistical average among numerous : .
ensembles through which the model of any dimension can be 10 15 AT 3.0 35 40
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solved easily. This research performs the Metropolis and ) . & el
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Cluster algorithm 1n simulating the phase transition of 2-D L 2y = e e o
Ising model. Also, since a N-D quantum system can be X v., o e YeEE e 30 3 40
LEppEt (0 & (le_l)_D clas§ iqal sys.tem, the phase transition of Figure 1. 2-D quantum Ising model mapping to 3-D classical Ising | ,!I l - =
2-D quantum Ising model is investigated as well. Based on the model. Red point represents the positive spin in z direction and blue Bl T e
ﬁmte. size scaling theore?m, the critical points of phase point is negative spin. 0.00000L—povncee e 1 - - -
transition are computed with satisfactory accuracy compared !
with literature values. Algorithm Figure 3. Physical measurables of 2-D classical Ising model against
temperature. The dashed line indicates a phase transition.
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® Metropolis (local update) ImI*L@/8 Vs T
Randomly choose a spin. Consider to flip the spin 6% to —o? L
Introduction . The probability of acceptance is, i aEEee
o Ising Model: Paccept (CZ — C]) — min {6 = EZ)’ 1} 1.20 ...... s
Ising model 1s a basic mathematical model that describe . . Te€[224,2.29] i
magnetic phase transitions, in which spins can take two 3 L
values: +1. Consider the nearest-neighbor interaction and 2 0.80 -
zero external field, the energy of the system 1is: - -
H = JZ o;0; . )
(4,) B
For ferromagnetism, J 1s negative and 1s taken -1 1n this S .
report. In dimension d>1, the Ising model exhibits a phase e
transition between a disordered (paramagnetic) state at high s = s . s s
temperatures and an ordered (ferromagnetic) state at low ® Wolff (cluster update) 4
temperature. The order parameter 1s the magnetization, All nearest neighbors of a random chosen spin are added to Figure 4..The resplt for 2-D classica} [sing modpl. The ax.is. is sca}ed
1 XN the cluster with a probability P = 1 — exp(—2pJ). provided such thc? 1ntersegt10n of curves for different L gives the critical point.
m = — o> ] , , The Tc 1s found 1n a range 2.24 to 2.29.
N &~ spins 1 and j are parallel. Once the cluster has been
completed, all spins that belong to the cluster are inverted. . .
QOOILD (a) (b) © @ -
POV | | e
DOYODD e i h e L | B} !_O__ i !_O L i:t} —r
DLDODOY reras vy | | m T 0ss i e

POOOO

Compared with local update, cluster updates solve the 080

critical slowing down phenomenon, increasing the efficiency
o e . 0.75 ;
near the critical point. T
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® Transvers Field Ising Model:

Local:Autocorrelation at T=2.269 0.70

The Hamiltonian 1s now with an additional term representing 0.00 . \‘\
. o o D (2.98,0.5)
the transverse field in x direction. 095 - = :
H=-JY oioci—hY of , & :
<i,j> 0 i
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The partition function is, h

Z = Tre P2 = Tr {e—ATHe—ATHe—ATH . .e—ATHe—ATHi|

log(autocorr_function)

Figure 5. Critical point for 2-D quantum Ising model at T=1 as an
example. The inset demonstrates the results in Ref.[3,4] of the T-h phase
diagram of 2-D quantum Ising model. The green points are the data
points obtained in my research, with the coordinate (h, T) in the bracket.

In which we set f§ = LAt, the product inside the trace can be
viewed as a succession of imaginary time evolution operators.
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We introduce a complete set of 0% eigenstates, 1o estepe
P P Cluster:Autocorrelation at T=2.269
1 = Z‘O’z ><Gz ‘ 0.0 —_— =4 °
. . — L= Conclusion
The partition function becomes, R \ i .
N W . sl 7 s 107 The result I get from Monte Carlo 1s accurate enough
Z = Z<Ul e ‘0L><UL‘6 {UL—1><‘7L—1‘6 ‘UL—2> e 37 compared with the analytic solution, given the analytic
. ) § —2.0 . . _ . 2 ~
Each matrix element is found: S .- solution of classical 2-D model 1s at Tc =</ i)
<O'Z - ATH‘JZ> _ AN AT T 0805 iy Ty i g __, 2.269. And 1n Figure 5, the results I obtained for quantum
I+1 I )= : : : :
3= Ising model are consistent with those i1n Refs.[3,4].
Then the partition function 1s evaluated, mapping to a (N+1)- _a0l | | | | | | | Following the same procedure, the T-h phase boundary,
D classical model. ’ 0 * P mcstepe. > > " separating ferromagnetic ordered state and paramagnetic
7 — ANL Z AT R AT AR R D SIS Ori Z Yo e Figure 2. Comparison of autocorrelation functions of two algorithm at state can be determined precisely. Notice that, at h=0, Tc =~
— 1 criti.ca.l point T=2.269, smaller correlation values represent higher 2.269 which is the classical case, and at T=0, hc ~ 3.06
v = ——Intanh(A7h) f;iéitlgetl?;ep endence. Notice that at Te Cluster algorithm pertorms which 1s the quantum transition point at zero temperature.
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