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Introduction & Motivation

Model merging has emerged as a highly effective paradigm for acquiring new
capabilities without the prohibitive cost of training from scratch or accessing raw
data:

(a) Single Task Learning  (b) Multi-Task Learning (c) Federated Learning (d) Ensemble Learning (e) Model Merging
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Figure 1. Schematic comparison of five machine learning paradigms.[1]
In practice, model merging has wide application:

= LLM Capability Absorption: Fusing the delta parameters of homologous
task-specific models to seamlessly "absorb" diverse skills (e.g., math,
coding) into a single foundational LLM [2].

= Federated Learning: Aggregating decentralized private knowledge from
heterogeneous clients via alignment-based averaging [3].

Despite this empirical success, a rigorous theoretical foundation governing merg-
Ing performance outside of weight averaging remains elusive. We bridge this
gap by framing model merging within the Wasserstein measure space, providing
provable, geometric error bounds.

Example: Alighment-Based Merging
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Figure 2. The Ziplt! framework [4]: Heterogeneous models are "zipped" together by permuting
neurons layerwise to "align" them, and merging expert models layer by layer.

Mathematical Framework

Let Z = X X VY be the data space. We define N tasks, with population distribu-
tions P; and empirical datasets 9; ~ P; of size n;. Expert models are represented
as pushforward measures via the network mapping Ty(x) = (x, fo(x)):

* Population Experts: y; = (Tp,)4(P)x € P,(Z)
» Empirical Experts: /i; = (T5)4(P")x € P, (Z)

We restrict merged models to the family of Wasserstein barycenters parameter-
ized by the simplex 1 € AN~

N
Population Barycenter: ,uﬁvg = arg min Z /l,-Wl’; (Ui, v)
=1
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Empirical Barycenter: ,&ﬁvg = arg min Z AW ([, v)
=1
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Risk Formulation

We define the global target distribution as the uniform mixture of the individual
expert task distributions:

] < 1 <
Pxy == > P, Py = > > P
=1 =1

The population and empirical risks are evaluated using the Wasserstein-p dis-
tance to these uniform targets:

R(k) = Wy(k Pxy),  Ra(w) = Wy(u, PY)
Let 2* and A be the population and empirical optimal weights:

U= agnin Rk, A= argminRaid,)

AF
avg-

Our deployed empirical model is ,zjvg, while the ideal population optimum is u

the Wasserstein Space —
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Assumptions

Let a,8 > 0. We assume there exists a subset of experts S c {w;}¥, with
combined weight ) .. A; = @ such that for every u; € §:

R(1pye) — R(ppe) 2 '§||/l — A*||f (B-Strong Convexity on AV~
|1 T5.(x) — To,(x")|| < Li|lx — x| Vx,x" € X (L;-Lipschitz Continuity)
u; < L% (Absolute continuity)
dn,M >0st.m < u(z) <M fora.e. z € spt(u;)
H(9spt(u;)) < oo (Finite perimeter)
cVar, (" —¢") < Ky () = K () = @ = ¢ |(Vo ) gy V.4 € C(Z)
where K, () = (¢*|w;) and ¢ > 0. Here, spt(u;) denotes the topological support
of the probability measure y;, and H“~! denotes the Hausdorff measure.

Main Result: Excess Risk Bound

We bound the excess merging risk representing the gap between the empirically
optimized model and the true optimal model for the population:

Excess Risk = [R(uL) = Ra(iid,,)| <

A A
Wp (:uavg’ :uavg) +

-~

Term 1: Parameter Shift Error Term 2: Statistical Estimation Error Term 3: Target Data Error

+ Wy(Pxy. P{))

-~

A Al
Wp (luavg’ luavg)

Bounding the Error Terms

Term 1: Parameter Shift Error

Under the regularity conditions established in Assumptions, Theorem 1.5 ([5])
guarantees that Term 1 is bounded by the Total Variation (TV) distance between
the meta-distributions P- = 3, 1*6,,. and P; = 3 ;6,,.. The TV distance simplifies
to the L, distance of simplex weights:

1/5
* ) 1 A
1/5 s
Wp(Hayer Havg) < Cil|Pae — P; T/V =( (§||/1 - /1||1)

By the strong convexity of the population risk, we can establish that:
17 = Al < O™y = Wy (o i) < O (n7)
Term 2: Statistical Estimation Error

Bounded via the ‘W, distance between meta-distributions P; and P;.
Using the deterministic coupling 7™ = > 4,6(,, 4,, Which splits no mass:

N
WiBLE < [ Wylun)dn' () = Y AW,
=1

From the assumption that 7y, is L;-Lipschitz: W,(u;, ;) < LW, (P;, ﬁl.(”")) <
L,O(n; "%, thus:

N 1/6
I ~1/d 1 Al Z 3 ~1/d _
Wp('ui"ui) = LiO(ni / ) = Wp(:ugvg’:ugvg) < (y AiLiO(ni / )) =0 (n 1/60”)

=1

Term 3: Target Data Error
By the convexity of the Wasserstein distance over identical mixture weights:

15, L pm| o LY 5(m)
W, \NZPI-,NZPZ. <~ 2 WP P™)
=1 =1 =1

Substituting the finite-sample convergence rate yields:

N

5 1 ~1/d

Wy (Pxy, sz;) <5 E O(n, )
i=1
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